We study the neutrino oscillation problem in the framework of the wave packet formalism. The neutrino state is described by a packet located initially in a region S (source) and detected in another region D at a distance R from S. We examine how the oscillation probability as a function of variable R can be derived from he oscillation probability as a function of time t, the latter being found by using the Schrödinger equation. We justify the known prescription t → R/c without referring to a specific form of the neutrino wave packet and only assuming the finiteness of its support. The effect of the oscillation damping at large R is revealed. For an illustration, an explicit expression for the damping factor is obtained using Gaussian packet.
Introduction
While in the minimal formulation of the standard electroweak model neutrinos are massless, there have been strong experimental evidences for nonzero neutrino masses and mixing of neutrino flavors which fortify the idea of Pontecorvo [1] that nonzero neutrino mass and lepton flavor violation would produce spontaneous oscillation of neutrinos from one flavor to another in a manner similar to the strangeness oscillations of neutral kaons. The consistent quantum-mechanical treatment of neutrino oscillations is important for interpretation of the current and future experiments.
A typical neutrino oscillation experiment can be described by the following scheme. There is a neutrino source which produce neutrinos of a definite flavor ν α (α = e, µ, τ ) in a finite region S. The detector of neutrinos of the same or another flavor ν β is located in another finite region D at a distance R from S. The regions S and D are supposed to be well separated from one another. The probability to detect ν β with β = α is in general nonzero. The theoretical task is to predict the R dependence of this probability. For simplicity, only the neutrino oscillations in vacuum are considered here.
There are many approaches to this problem. The simplest is to find first the temporal evolution of the neutrino state and then to convert it into the spatial evolution. Usually it is assumed that the neutrino state at t = 0 has a definite momentum that is described by a plane wave. Then, by applying the Schrödinger equation, one finds the probability W (t) to detect the same neutrino flavor at t > 0 (survival probability) or another flavor (transition probability) at t > 0 (Sect. 2). In order to convert the time dependence of W into the R dependence, one apply the classical propagation prescription (in the terminology of Ref. [2] ), according to which t is simply replaced by R/c (where c = 1 is the velocity of light), with R being displacement of the classical ultrarelativistic particle at time t. The deficiencies of this prescription are well known (see, e.g., Ref. [3, Ch. 2.3.3] ). In particular, the formula R = vt is only valid for a classical particle trajectory and is inconsistent with quantum postulates.
It is generally accepted that one must describe the neutrino state by a wave packet rather than by a plane wave. The relevant considerations are called in Ref. [2] intermediate wave packet models. Many aspects of of these models were discussed in Refs. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . The present paper belongs to this class. Some peculiarities of our approach are presented in the concluding section (Sect. 4). One of our aims (in a sense, pedagogical) is to propose an example of how one can obtain the time-to-space conversion within the framework of the quantum postulates.
In other formalisms, like the external wave packet models and quantum field theoretical or S matrix approach (see Ref. [2] and ref-erences therein), the wave packet description is used for the particles which either create neutrino (e.g., a pion, when neutrinos are produced through the π µ2 decay) or detect it (e.g., an oxygen nucleus in a water-Cherenkov detector). Being more advanced, these approaches are more cumbersome and usually are aimed at experiments of a specific type. The intermediate wave packet models are simpler and, in a sense, more general, being applicable for generic neutrino source and detector. What is more, they are sufficient for the purpose of the present study: to show how the flavor oscillations in time leads to these in space (Sect. 3).
Our main results are summarized in Sect. 4.
Neutrino oscillations in time
In order to define what "neutrino oscillations in time" means and to prepare equations necessary for the next Section, let us discuss the following problem (c.f., for example, Ref. [3] Then Ψ(t) = exp −iĤt Ψ(0). According to the Pontecorvo's supposition [1] ,Ĥ has eigenvectors |j, k (j = 1, 2, . . .) with definite value of the total momentum k (mass eigenstates). The corresponding eigenvalues are equal to m j at k = 0 and to E j = |k| 2 + m 2 j at k = 0. The weak eigenstate Ψ(0) may be expanded in terms of the mass eigenstates (below, we assume j = 1, 2 for simplicity):
Then
This equation provides all information on the neutrino state at time t (expectation values of observables, probabilities). In particular, the probability of finding the system in the initial state (survival probability) is given by
For ultrarelativistic neutrinos (|k| 2 ≫ m 
with
This probability is a periodic function of time (with the period T ) and provides the simplest example of neutrino oscillations in time.
Replacing t by R/c in Eq. (4) one obtains the "standard" formula for the ultrarelativistic neutrino oscillations in space:
with Λ = T c.
For deriving Eq. (3) we imply the unit normalization of the mass eigenstates:
Since these states are the eigenvectors of the momentum operatorP , this assumption means that the operatorP has a discrete spectrum. This assumes that the system under consideration is in a large spatial volume and the usual periodicity conditions are imposed (or the opposite boundaries of the volume are identified). However, in what follows we will approximate the summations over k by integrations over the 3-momentum.
Note 2. Let us consider the muon neutrino created in the decay π + → µ + + ν µ , π + being at rest. From the energy-momentum conservation it follows that the neutrino state is a superposition of the plane waves |k j , j = 1, 2, . . . , with the |k j | unambiguously defined by the masses m π , m µ and m j (see, e.g., Ref. [19, Sect. 3] ). In contrast, the "Pontecorvo's prescription" (1) assumes that the neutrino initial state is a single plane wave with an arbitrary momentum. Here we accept for simplicity just this prescription.
Neutrino oscillations in space
In any neutrino oscillation experiment the source of neutrinos with definite flavors is localized in a finite volume S and the detector of neutrinos (of the same or different flavor) is localized in another finite region D placed at a distance R from S. The source cannot prepare a neutrino with definite momentum k (plane wave). The emitted neutrino (e.g., electron neutrino) must be described by a packet, i.e.
by a superposition of the states |e, k , ∀k which form a complete set of states:
In the coordinate representation, the state |e, g is described by the function
which is the amplitude of the density probability that electron neutrino in the state |e, g has the position x. It is assumed that g(x) is localized in S in the sense that g(x) is negligibly small (physically indistinguishable from zero) outside S.
After multiplying both sides of Eq. (1) byg(k) and integrating over k we obtain the expansion of |e, g over the mass eigenstates:
Analogously, from Eq. (2) one gets
where
For the amplitude to find neutrino ν e in the point x we obtain e, x|e, g; t = cos 2 θg 1 (x, t) + sin 2 θg 2 (x, t),
Here we have used the equalities e, x|1, k = cos θe ikx , e, x|2, k = sin θe ikx .
The functions g 1 (x, t) and g 2 (x, t) describe the evolving wave packets of particles with masses m 1 and m 2 , respectively. According to Eqs. (6) and (8), they coincide with the packet g(x), Eq. (7), at the initial moment t = 0. It is shown in Appendix A that, neglecting the spread of the packet, the evolution of g j (x, t) reduces, up to a phase factor (close to 1 in the ultrarelativistic case), to the "drift" of the initial packet g(x) with the velocity v j = k/E j :
In other words, the wave packets g j (x, t) approximately follow the trajectory of a classical particle. Let us now assume that the detector D registers the electron neutrinos. The probability to find in the state |e, g; t one electron neutrino localized within the region D is equal to
This probability may also be represented through the average value of the projection operator
.
We consider now the behavior of W g as a function of t. Let R be the vector connecting the center of S with the center of D (R = |R| being the distance between S and D), see So, the packets g 1 (x, t) and g 2 (x, t) enter the region D (and leave it) almost simultaneously. Their nonoverlapping will be discussed later on. Till the moment t = R/c, the moving supports of the packets g 1 and g 2 do not cover the region D (supp(g j ) ∩ D = ∅) and therefore W g (t) = 0 if t < R/c. After the moment (R + L D )/c (where L D is the dimension of the region D in the direction of the vector R) the packets get out of D and we have W g (t) = 0 again (see Fig. 2 ).
The probability of electron neutrino localization in the detector region as a function of time.
Let us assume further that
where L S is the dimension of the region S (which may be considered as coinciding with the dimension of the initial packet) along the vector R (see Fig. 1 ). Then we can neglect all marginal effects, e.g. the gradual growing of W g (t) as neutrino packets are entering the detector. So we obtain that W g (t) is nonzero only within the time interval τ = (R/c, R/c + L D /c). Inside this interval, the probability W g (t) is approximately equal to W g (R/c), L D being much smaller than R. Note that if the packet spreading is taken into account, one cannot consider arbitrary large values of R since the support of the spread packet must not exceed D.
It is sometimes convenient to deal with the number of particles rather than the probabilities. Consider an ensemble of N 0 neutrinos in the initial state |e, g . Then the total number N of neutrinos ν e falling into the detector at all times from t = 0 to ∞ is proportional to N 0 W g (R/c). Being independent of time, this number depends upon R. Since the neutrinos have a nonzero average momentum p then, during the time τ there is a nonzero current of neutrinos in D. For example, we can consider a detector which uses the Pontecorvo's reaction ν e + Cl → Ar + e −
for catching the electron neutrinos (see, e.g., Ref.
[18, Ch.
2.3.3]).
The number of the resulting Ar nuclei depends on the number N of electron neutrinos falling into the detector, density of the chlorine nuclei in D, total cross section of the reaction (11), etc. However, all these factors but N do not depend upon R. We may assume that all detectors placed at different distances R from S are identical. It is pertinent to remark that, assuming the inequalities (10), we imply that each neutrino detected in the chlorine detector had been actually emitted by a small piece of the Sun (not by the Sun as a whole). The total number of neutrinos detected in the chlorine experiment must be confronted to the probability W g (R/c), Eq. (9), summed over all these small pieces which make up the Sun. Let us remind that the chlorine experiment does not register the time when Ar nuclei appear while measures the number of the argon nuclei accumulated in the detector during a long period. Thus, instead of the dependence on time there appears the dependence on R (through N ). If R is fixed then the actual time of appearing of Ar nuclei in D is also fixed: t = R/c. According to Beuthe [2, Ch. 2.3.1], this is called conversion of the evolution in time into the evolution in space. This conversion has been obtained above by using the wave packets but their specific form was not employed (only finiteness of their supports was used).
Our next task is to calculate numerically the probability W g , Eq. (9) in order to ascertain if one can obtain from W g the standard formula (5) for W k (t). This calculation reduces to the calculation of the integrals
and
Let us assume that the packets g 1 (x, t) and g 2 (x, t) are entirely inside D at t ∈ τ , τ ≡ (R/c, R/c + L D /c) (see note below). Then the integrals (12) can be replaced by the integrals over the whole threedimensional space. The latter do not depend upon t, both being equal to the normalization integral
Note. Besides shifting in space, the packets g i (x, t) also spread (see Appendix A). There is a boundary value R spr of the distance R such that the spread packets completely cover the region D when R > R spr . Then the integrals (12) are not equal to 1. If R < R spr then the packet's supports are in D. One may define R spr as follows. Let g i (x, t) are Gaussian, see Eq. (23) or Eq. (15) . Then its transversal spatial dispersions equal to σ 
Here σ is the spatial dimension of the initial packet g(x, 0) and p is the magnitude of the average momentum of the packet. So integrals (12) equal to 1 if R < R spr = 2L D σpc. If, for example, g is a macroscopical packet (say σ ∼ 1 cm) with the average energy E ≃ p of the order of several MeV then R spr ∼ 10 12 L D .
The integral I 12 defined by Eq. (13) is more complicated. It approximately equals to 1 when t is small (along with R; remind that t ∈ τ with τ ≡ (R/c, R/c + L D /c)) because g 1 (x, t) ≃ g 2 (x, t) at small t. The integral I 12 vanishes when t ∼ R/c is sufficiently large because g 1 and g 2 cease to overlap (being both in D if R < R spr ) due to different group velocities, v 1 = v 2 . For such R the probability W g (R/c) does not longer depend on R and does not oscillate. This phenomenon does not exist in the standard formula (5) .
For a numerical illustration we calculated in Appendix B the integral I 12 by using the Gaussian packet
Here p is the average momentum and σ 2 is the spatial dispersion of the packet. It is assumed that p ≡ |p| ≫ m i and that σ is macroscopically large, so that we have
We suppose that R ≪ R spr ∼ L D σpc so that the integrals (12) are equal to 1. The resulting value of W g (t) at the moment t = R/c can be represented as
So, the spatial oscillations of W g are damped by the factor D. The damping can be neglected when R is such that D ≃ 1 and it is significant when R is such that D < 1. Let us designate the corresponding boundary value of R as R damp and define it as that value of R at which D ∼ 1/e. Then, as it is seen from Eq. (18), R damp ∼ Λσpc and, according to the inequality (16), R damp ≫ Λ. So the damping can be neglected, e.g., for R of the order of one or several oscillation length Λ. In this case, W g (R/c) turns into the r.h.s. of Eq. (5) for W k (R/c), i.e., into the standard neutrino oscillation formula. Now, let us compare R damp with R spr . We have
Due to the inequality p ≫ m i the first factor in r.h.s. of Eq. (19) is large, but L D √ ∆m 2 can be estimated as being much larger and therefore R damp < R spr .
Thus we have obtained the following. When R ≪ R damp the standard formula is correct. As R grows and becomes R damp , the damping turns out to be essential and the standard formula fails, while our result, given by Eq. (9) still holds. For very large R > R spr , our formula becomes also incorrect due to the packet spreading. We conclude therefore that there exists an interval of R values for which our formula (9) (containing the damping) is valid, while the standard formula is incorrect.
Conclusion
The above consideration of neutrino oscillations is of pedagogical interest since it does not use the reasons inconsistent with quantum postulates. In particular, we have presented a purely quantummechanical justification of the "classical propagation prescription" t −→ R/c. Usually, this prescription is grounded on the classical reasons inconsistent with quantum mechanics.
Our justification is based on the observation that fixing the detector at a distance R from the neutrino source S automatically fixes the neutrino sojourn time in the detector volume. The standard result given by Eq. (5) for the spatial neutrino oscillations follows from Eq. (9) when the spreading of the neutrino packet is neglected. It is shown that the spreading cannot be neglected if R is too large. In this case the dimensions of the spread neutrino packets become larger than the detector dimension L D : the packets cover the detector. An explicit estimation R > R spr is obtained by using a specific (Gaussian) form of the packet (the meaning of R spr is explained in the Note after Eq. (14), Sect. 3).
We point out another qualitative reason for the breakdown of the standard formula. Consider, for example, the case when dimensions of the packets g 1 (x, t) and g 2 (x, t) of neutrinos with masses m 1 and m 2 are both less then L D (both being in D) but their supports do not overlap due to different group velocities v 1 = v 2 (see text before Eq. (15)). Then the oscillations cease. The explicit example with the Gaussian packets shows that in the case of incomplete overlapping there arises a damping of oscillations which is significant for large R. (R ∼ R damp ≪ R spr ; for R damp see the text before Eq. (19) ). The resulting formula for the spatial oscillations reduces to the standard one for R ≪ R damp when the damping can be neglected. p = (0, 0, vE). Moreover, let us consider the particular case when the distributionS(k) is Gaussian:
Here A is a constant and σ 2 is the spatial dispersion of the packet. Then g(x, t) reduces to the product of three integrals:
g(x, t) = A exp [i (px − Et)] I 1 I 2 I 3 . 
and the constant can be determined from the initial condition and the normalization condition (14) for the function g(x). The packet spatial dispersions along the axes x 1 , x 2 and x 3 are all equal to σ 2 at the initial moment, t = 0, and increase with increasing time according to Eq. (24). In the ultrarelativistic case (1 − v 2 ≪ 1) and at large enough t, σ 2 1,2 (t) may be much larger than σ 2 3 (t). Taking into account that, according to our assumption, σ is macroscopically large (σ ≫ 1/p), one can also conclude that increase in the packet dimension in all directions is much less than the spatial shift vt of the packet as a whole. Some numerical examples when the packet spreading can be neglected are presented in Ref. [21, Ch. 3.1] . The physical conditions at which the spreading can be neglected in our task are examined in Sect. 3.
